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A nanoantenna with balanced electric and magnetic dipole moments, known as the first Kerker condition,
exhibits a directive radiation pattern with zero backscattering. In principle, a nanoantenna can provide even
better directionality if higher order moments are properly balanced. Here, we study a generalized Kerker
condition at the example of a nanoring nanontenna supporting electric dipole and electric quadrupole moments.
Nanoring antennas are well suited since both multipole moments can be almost independently tuned to meet
the generalized Kerker condition. c© 2015 Optical Society of America
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Engineering the scattering of optical nanoantennas is
a progressing field [1–4]. This is promoted by the ability
of nanoantennas to support multiple resonances domi-
nated by different electromagnetic multipole moments,
i.e. beyond the electric dipole moment [5–7]. Varying
size, shape, and material of nanoantennas causes intrigu-
ing scattering effects that rely on the interference of these
resonances such as superscattering [7,8], cloaking [9,10],
a control of the polarization state of radiation [11], or en-
hanced directionality in the scattering response [12–19].
Especially the latter function is extremely exciting con-
sidering application perspectives, for which an optical
wireless nanoantenna link is a prominent example [20].

To achieve a directional pattern with zero backscat-
tered field, Kerker suggested to exploit the interference
of the electric and magnetic dipole modes of a scat-
terer [21]. Recently, the so-called Kerker condition has
attracted considerable attention both theoretically and
experimentally in order to realize directional emission
from dielectric and metallic nanoantennas [13–17,22–25].

But nanoantennas can be tailored to not just sustain
resonances dominated by dipolar moments, but higher
order multipole moments can be sustained as well. It
must be possible to systematically exploit them for sim-
ilar purposes.

Here, we present a fundamental approach to design di-
rective nanoantennas with zero backscattering based on
a generalization of the Kerker condition that considers
electric quadrupole moments as well. Various nanoan-
tennas have been investigated that exhibit such higher
order multipole moments to achieve a directional re-
sponse [12, 25–27]. We study the application of the gen-
eralized Kerker condition to a plasmonic nanoring an-
tenna. Nanoring antennas [Fig. 1 (a)] have been explored
because of their promising applications, e.g. for nonlin-
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Fig. 1. (a) Schematic of the considered nanoantenna that
is embedded in a homogenous host medium. (b) Artistic
view of the radiation pattern of the nanoantenna.

ear effects on the nanoscale and in quantum plasmon-
ics [28–34]. We show that for specific parameters plas-
monic nanorings can support both an electric dipole
and quadrupole mode. The geometry can be tuned to
meet the generalized Kerker condition, i.e. both mo-
ments are balanced. Meeting the generalized Kerker con-
dition suppresses the nanoring’s backward scattering and
enhances its forward scattering [Fig. 1 (b)]. We study its
directional scattering upon plane wave illumination but
also the directional far-field emission of a dipole emitter
placed close to the nanoring. Consequences of meeting
the generalized Kerker condition on the Purcell factor
and the antenna efficiency are also discussed.

We start by considering the radiated far-field of a
nanoantenna with an induced electric dipole moment
px, a magnetic dipole moment my, and an electric
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Fig. 2. Radiation pattern for different multipole mo-
ments in the xz-plane. (a) Electric dipole moment (px),
i.e. |Efar|2 ∝ cos2 θ. The blue arrows indicate the phase
of the radiated field. (b) Electric quadrupole moment
(Qxz), i.e. |Efar|2 ∝ cos2 2θ). (c) Superposition of electric
dipole and quadrupole moments, i.e. |Efar|2 ∝ (cos θ +
cos 2θ)2, when the generalized Kerker condition is ful-
filled [cf. Eq. (3) with my = 0], i.e. px = −ik6Qxz.

quadrupole moment Qxz. It reads as [35]
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k

2

4πε
px
eikr

r

(
−sinϕϕ̂+ cosθcosϕθ̂

)
(1)

−Zk
2

4π
my

eikr

r

(
cosθsinϕϕ̂− cosϕθ̂

)
− ik3

24πε
Qxz

eikr

r

(
− sinϕ cos θϕ̂+ cos 2θ cosϕθ̂

)
where r, θ, and φ are the spherical coordinates. The
host medium permittivity is εr, k =

√
εrω/c is the

wavenumber for an angular frequency ω, Z =
√

µ0

ε0εr

is the impedance of host, and c the speed of light. Using
Eq. (1), the backward radar scattering cross section of
the nanoantenna can be defined as

σBackward = lim
r→∞

4πr2
|Efar (ϕ = 0, θ = π)|2

|Einc|2

=
k

4

4πε2 |Einc|2

∣∣∣∣px − √εrmy

c
+
ik

6
Qxz

∣∣∣∣2 .(2)

where |Einc| is the modulus of the incident electric field.
According to Eq. (2), zero backscattering occurs if the
so-called generalized Kerker condition

px −
√
εrmy

c
+
ik

6
Qxz = 0 (3)

is fulfilled. Equation (3) reduces to the well-known

Kerker condition px −
√
εrmy

c = 0 [21], for a vanish-
ing quadrupole moment. To take additional higher order
multipole moments into account, Eq. (3) can be easily ex-
tended. Furthermore, the forward radar scattering cross
section of the nanoantenna reads as

σForward = lim
r→∞

4πr2
|Efar (ϕ = 0, θ = 0)|2

|Einc|2

=
k

4

4πε2 |Einc|2

∣∣∣∣px +

√
εrmy

c
− ik

6
Qxz

∣∣∣∣2 .(4)
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Fig. 3. Plane wave excitation of nanorings. Frequency de-
pendent total scattering cross sections and contributions
from different multipole moments for nanorings with
two different heights, h = 40 nm [(a)] and h = 150 nm
[(b)]; electric dipole moment px (red dashed line), mag-
netic dipole moment my (blue dashed line), and electric
quadrupole moment Qxz (green dashed line). (c) and (d)
Field distributions (Ex) of the nanoring with h = 150 nm
for the first [(c)] and second mode [(d)].

Hence, if Eq. (3) is fulfilled, a constructive interference
in forward direction is achieved in addition to the de-
structive one in backward direction.

To illustrate the physical mechanism behind the gen-
eralized Kerker condition, the radiation pattern of both
an electric dipole px and an electric quadrupole moment
Qxz in the xz-plane (ϕ = 0◦) are shown in Fig. 2 (a)-
(b). Here, we consider my = 0, since the nanoring in-
vestigated later exhibits a negligible magnetic response.
Then, if Eq. (3) holds, the electric field radiated by an
electric dipole and electric quadrupole interfere construc-
tively at θ = 0◦ [Fig. 2 (c)], i.e. the radiated fields are
in phase in forward direction [cf. Fig. 2 (a)-(b)]. On the
other hand, there is no backscattering (θ = 180◦) be-
cause of the destructive interference in this direction.

Equation (3) provides a general guideline to design
nanoantennas without backscattering and enhanced for-
ward scattering on the base of multipolar interference.
To demonstrate its applicability, the scattering response
of a plasmonic nanoring will be investigated now. A
schematic of this nanoring is depicted in Fig. 1. We as-
sumed that the thickness of the gold layer is t = 20 nm
with a height of h = 40 − 150 nm. The diameter of the
inner nanoring is D = 80 nm. The nanoring is embed-
ded in a homogenous host medium and illuminated by
an x-polarized plane wave [Fig. 1 (a)].

Figures 3 (a) and (b) show the scattering cross sections
of two nanorings of different heights (h = 40, 150 nm).
The contribution of all multipole moments are calcu-
lated by the multipole analysis of the scattered field [36].
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Fig. 4. Plane wave excitation of the nanoring with
h = 150 nm, radiation pattern. (a) Normalized forward
(green line) and backward (blue line) scattering cross sec-
tions. Inset: The far-field pattern at ν2 = 400 THz, which
is identical to the theoretically predicted one [Fig. 2 (c)].
(b) The real and imaginary parts of the electric dipole
moment (px) and the rescaled electric quadrupole mo-
ment (−ik6Qxz). Obviously, Eq. (3) holds for both imag-
inary and real parts at ν2 (grey dashed line).

For the 40 nm nanoring the scattering response can be
fully described by an electric dipole resonance around
ν ≈ 290 THz [Fig. 3 (a)]. This nanoring scatters in for-
ward and backward direction identically. By increasing
the height of the nanoring to h = 150 nm, the dipole reso-
nance blueshifts to ν1 ≈ 340 THz, but, most importantly,
a second mode emerges around ν2 ≈ 400 THz [Fig. 3 (b)].
This mode can be explained by a Fabry-Perot oscilla-
tion of surface plasmons that bounce between the top
and bottom of the nanoring [37, 38]. According to the
multipole expansion [36], the new mode is an electric
quadrupole (green dashed line). Nevertheless, the first
mode has a strong contribution to the scattering cross
section Csca at ν2 as well. In fact, Csca is enhanced at
ν2 due to the superposition of the two modes, which is
known as superscattering [7, 8]. This effect can be max-
imized by proper overlapping the different modes of the
nanoring. Note that the contribution of magnetic dipoles
is negligible in the entire frequency domain.

From now we will only consider the nanoring with
h = 150 nm because of its interesting scattering fea-
tures, i.e. directive pattern. The field distributions of
the first and second mode for the nanoring at selected
cross-sections are depicted in Fig. 3 (c) and (d), respec-
tively. For the first mode (ν1 ≈ 340 THz), the electric
field inside the nanoring is almost uniformly distributed
[28, 39, 40]. However, the second mode exhibits a strong
field enhancement around the upper and lower termi-
nations of the nanoring. Furthermore, the field varies
strongly inside the nanoring. Figure 4 (a) shows the for-
ward and backward radar scattering cross sections for
the investigated nanoring [Eqs. (2) and (4)]. Both are
similar below 330 THz due to the dominating dipolar re-
sponse. However, above 400 THz, the forward scattering
is significantly enhanced while the backward scattering
is considerably suppressed.

So far we claimed that the generalized Kerker condi-
tion [Eq. (3)] explains the suppression of the backward
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Fig. 5. Electric dipole excitation. (a) Normalized forward
and backward far-fields: Efs is the radiated electric field
by a point electric dipole without nanoantenna and Ean

the same in the presence of the nanoring. Inset: Highly
directive radiation pattern at νdip ≈ 380 THz. (b) Purcell
factor F (black line) and antenna efficiency η (blue line).

scattering and enhancement of the forward scattering
due to the coherent interference of the involved mul-
tipoles. To confirm this claim, the imaginary and real
parts of the electric dipole and quadrupole moments
of the nanoring are sketched in Fig. 4 (b). It can be
seen that Eq. (3) [px = −ik6Qxz for my = 0] holds for
ν = ν2. Hence, the Kerker condition explains the scatte-
ring properties, since they agree perfectly with the theo-
retical predictions [cf. inset of Fig. 4 (a) and Fig. 2 (c)].

A direct transfer of the results from far-field excita-
tions to near-field ones, e.g. by a close-by dipole emitter,
is usually not possible for two reasons: (a) emitters in
the near-field may couple to dark modes that are not ex-
citable from the far-field and (b) spectral shifts appear
between these two excitation schemes [41]. Nevertheless,
the results from the far-field may be used as a rule of
thumb to employ special characteristics of nanoanten-
nas. In the case of the generalized Kerker condition, it
would be desirable to use the directivity of nanoring an-
tennas for close-by emitters. However, in such situation
not just the directionality is important but also the Pur-
cell factor and the antenna efficiency. In Fig. 5, the re-
sults for a dipole excitation of the nanoring is shown.
The dipole is placed central to the bottom of the nanor-
ing [Fig. 5 (a)]. The scattered field intensities in back-
and forward direction are displayed in Fig. 5 (a). They
show that the scattering is mostly in the forward di-
rection at νdip ≈ 380 THz, see also the inset for the
radiation pattern at νdip. Note that a misplacement of
the dipole by several tens of nanometers changes the ra-
diation pattern of the antenna only slightly. The red-
shift of the spectral position of highest directivity can
be explained by the difference between near- and far-
field illumination [41]. The calculated emission rate en-
hancement, usually termed Purcell factor F , is calcu-
lated by the enhancement of the emitted power to the
far-field compared to its emission without nanoantenna,
F = P rad

na /P
rad
fs [42]. The antenna efficiency η is calcu-

lated as the fraction of emitted power not dissipated by
the nanoring to the total power emitted by the dipole
[Fig. 5 (b)] [42]. Moderate Purcell factors around 12 are
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calculated for νdip with respect to efficiencies around
0.6. The efficiency dip around ν2 ≈ 400 THz can be at-
tributed to the coupling to the quadrupolar mode of the
nanoring. Hence, even though this coupling is necessary
to achieve the high directivity, it leads to a comparably
low efficiency for such large nanoantennas [43].

In conclusion we studied a novel condition to de-
sign highly directional plasmonic nanoantennas. The
generalized Kerker condition relies on the construc-
tive/destructive interference of different multipole mo-
ments in forward/backward direction. It has been ver-
ified for plasmonic nanorings in the case of plane-wave
excitations and shows a predictive character for close-by
dipoles as well. Our findings provide a powerful guideline
to design highly directive plasmonic nanoantennas.
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