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An optical nanoantenna and adjacent atomic systems are strongly coupled when an excitation
is repeatedly exchanged between these subsystems prior to its eventual dissipation into the envi-
ronment. It remains challenging to reach the strong coupling regime but it is equally rewarding.
Once being achieved, promising applications as signal processing at the nanoscale and at the single
photon level would immediately come into reach. Here, we study such hybrid configuration from
different perspectives. The configuration we consider consists of two identical atomic systems, de-
scribed in a two-level approximation, which are strongly coupled to an optical nanoantenna. First,
we investigate when this hybrid system requires a fully quantum description and provide a simple
analytical criterion. Second, a design for a nanoantenna is presented that enables the strong cou-
pling regime. Besides a vivid time evolution, the strong coupling is documented in experimentally
accessible quantities, such as the extinction spectra. The latter are shown to be strongly modified if
the hybrid system is weakly driven and operates in the quantum regime. We find that the extinction
spectra depend sensitively on the number of atomic systems coupled to the nanoantenna.

PACS numbers: 81.16.Ta, 73.21.-b, 78.90.+t, 71.70.Gm,

I. INTRODUCTION

Metallic optical nanoantennas have proven perfect in
tailoring light-matter interactions at the nanoscale. They
allow to drastically change the spontaneous emission
rates of adjacent atomic systems or their radiation prop-
erties, see e.g. Refs. [1-6]. Although the modified light-
matter interaction manifests in a multitude of phenom-
ena, all of them are eventually promoted by the same
underlying principle, that metallic optical nanoantennas
can support strongly localized surface plasmon polari-
tons. This is at the heart of all observations and entails
that their coupling to far-field radiation and quantum
systems can be engineered on purpose [7, §|.

Recent advances in nanotechnology eventually permit-
ted to fabricate nanoantennas with a precision down to
the atomic scale [9]. This implies that a precise arrange-
ment of e.g. quantum dots, molecules, or atoms close
to a carefully designed nanoantenna is feasible. It has
been already shown that in such situations remarkable
new phenomena can be expected where the huge en-
hancement of dipole-forbidden transitions in the gap of a
dimer nanoantenna may serve as a representative exam-
ple [10, 11]. The tremendous spatial localization of the
plasmonic mode permits a strong coupling of quantum
systems to nanoantennas. The strong coupling regime
is characterized by a transition from irreversible spon-
taneous emission and nonradiative damping processes to
a reversible energy exchange between nanoantenna and
atomic system. Such a behavior has been reported for
cavities operating in the infrared and visible spectral do-
main [12-14]. To achieve strong coupling is of paramount
importance with respect to applications in determinis-
tic quantum computation and for high-power emission of
nonclassical light into predefined directions.

Fig. 1. A general scheme of the considered hybrid system. A
nanoantenna is strongly coupled to two atoms and excited by
an external driving field.

In our contribution we want to go one step further
and consider two atoms, rather than a single, isolated
one, strongly coupled to a nanoantenna. The aim is to
demonstrate that in this case strong coupling effects ap-
pear more pronounced where one purpose of the nanoan-
tenna is to strongly increase the interaction between both
atoms. Moreover, the structure is highly interesting since
a much larger splitting of the energy levels of the hy-
brid system may be anticipated when compared to that
of bare atoms isolated from the nanoantenna. Perspec-
tively, this may suggest an alternative route towards arti-
ficial atoms with engineered energy levels. Furthermore,
the properties of the hybrid system are shown to sensi-
tively depend on the number of atoms or molecules in-
volved, paving the way for ultra-sensitive devices operat-
ing on the single molecule level.

Moreover, besides being of importance from an ap-
plied perspective, the setup is essential for basic science
since it constitutes a system of rich dynamics that can
be operated in different regimes where each regime re-
quires a well-adapted approach to fully grasp its proper-
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ties. Specifically, the nanoantennas themselves may be
described at different levels of approximation.

The simplest approach is to consider the nanoantenna
as a passive system which can significantly influence the
atoms’ dynamics whereas the properties of the nanoan-
tenna remain unaffected. If such approximation holds,
the nanoantenna is treated as a classical harmonic oscil-
lator as frequently done in the literature [15, 16]. This
simplifies the treatment considerably but prevents the
observation of effects associated with the quantum nature
of the nanoantenna like Rabi splitting or anti-bunching
of its emitted light [17].

On the contrary, one may account for the full dynamics
of the electrons inside the nanoantenna. Such an exhaus-
tive treatment is required if the atoms are placed only a
few angstroms off the nanoantenna such that electron-
spill-out and quantum tunneling effects become relevant
[18, 19]. However, these effects have not to be considered
in most experimentally accessible situations.

In-between, however, lies a regime where the nanoan-
tenna can be considered as a harmonic oscillator but
which requires a proper quantization [20-24]. The ap-
proach permits the description of the rich quantum be-
havior of the hybrid system. It is especially useful to
study effects at low power levels where only a few photons
are involved. However, it is a priori not clear whether
such elaborated approach is necessary or whether the
semiclassical treatment is already sufficient.

Therefore, at first we will develop both a semiclassical
and a fully quantum theory for the problem where an
atom described in a two-level approximation is coupled
to an optical nanoantenna. In Section III we are going to
compare the results of both approaches and we will derive
an unambiguous criterion that can be used to decide, on
the base of experimentally accessible quantities, which
of the two approaches is necessary. Second, in Section
IV we will explicitly discuss the design of a nanoantenna
that can be operated in the strong coupling regime. Af-
ter that, in Section V we are going to study the impact
of the strong coupling on the extinction spectra of a hy-
brid system where two atoms are coupled to the optical
nanoantenna. We will find that the presence of the atoms
strongly affects both absorption and scattering properties
of the hybrid system. After concluding on our findings we
will provide in elaborated appendices details of our calcu-
lations and results that support our conclusions from the
main body of the manuscript. In App. A the equations of
motion for the semiclassical formulation will be derived.
Appendix B details our method to calculate the coupling
constants of the nanoantenna to the atoms and to the
driving field from numerical simulations. Also, the esti-
mation for the radiative and nonradiative decay rates of
the nanoantenna will be given. In App. C, in the frame-
work of the fully quantum approach the eigenstates and
-energies of the hybrid system are evaluated in detail.

II. MODEL

We consider two identical two-level systems. We
refer to them as atoms, but they could equally de-
scribe molecules, quantum dots, NV centres in diamond,
etc.[25]. The two-level-systems shall be symmetrically
placed next to a mirror-symmetric nanoantenna that is
excited with a driving field propagating along the symme-
try axis. Schematically, the situation is shown in Fig. 1.
This high symmetry configuration has been chosen for
the sake of a reasonable simplicity in our treatment but
does not constitute any limitation.

As discussed above, the theoretical description of such
a system may be performed in several approximations.
In subsection IIA we consider a fully quantum model
including a quantum description of the nanoantenna it-
self. In practice, such approach requires a considerable
numerical effort, unless the excitation field is rather weak
and the total system remains approximately at the sin-
gle excitation level. A considerable simplification and
limitation of numerical efforts is provided by a mean-
field approximation, where the electromagnetic field is
described classically [26]. This semi-classical treatment
will be given in subsection IIB. Both models will be
compared in the succeeding section.

A. Fully quantum approach

In the fully quantum approach, we regard the nanoan-
tenna as a single mode quantum harmonic oscillator.
Then the Hamiltonian in the rotating frame takes the
following form within the rotating wave approximation
[17]:
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with Awg = wyp — War, Awna = Wna — wWar. Here, Ny = 2
is the number of identical atoms, and wgy corresponds
to their transition frequency. The operators O',(zj ) =
| (eW)| — |g\9))(g\7)| represent the population inver-

sion in the j* two-level system, and a(ﬁ') = |eW@)(g)]|
and 0(_” = Jgf) are the corresponding creation and

annihilation operators of atomic excitation. As usual,
{|et) and |¢g))} denote the excited and ground state of
the j two-level system. The symbols a and af stand
for the annihilation and creation operator of the nanoan-
tenna mode, respectively. Several approximations have
been made here. For simplicity, only the dipolar transi-
tions in the atoms have been taken into account. In case
when such approximation is not valid, a treatment like



the one described in Ref. [27], should be applied. Treat-
ment of the nanoantenna as a single-mode harmonic oscil-
lator is also an approximation. It is assumed that a single
resonance dominates the nanoantenna spectrum around
the atomic transition frequency, see also Refs. [11, 15]
and the discussion in Section IV.

We note that the single-mode approach for both the
atomic system and the nanoantenna is an approximation
taking only the dipolar transitions in the atomic system
and the nanoantenna into account, see and App. B.

The nanoantenna is coherently driven by an exter-
nal laser beam, assumed to be monochromatic at fre-
quency wgqy. The driving field intensity is related to the
Rabi frequency €2, which is here taken real for simplic-
ity, see App B. The coupling constant between atom
and nanoantenna is given by k, identical for both atoms
because of their symmetric placement. Note that x can
be assumed constant, if the transition frequency of the
atoms is close to the broad resonance of the nanoantenna
of central frequency wy,. We neglect the free-space inter-
action of the atoms, i.e. the dipole-dipole interaction in
the absence of the nanoantenna, because it is consider-
ably weaker than the interaction of the atoms due to the
nanoantenna. We also neglect the direct coupling of the
driving field to the atoms, as, again, it is much weaker
than the nanoantenna’s scattered field at the position of
the atoms.

The dynamics of the hybrid system is described by the
Lindblad-Kossakowski equation [17]:

lhp = [H, p} + iﬁna (p) + i‘Ctls (p) ’ (2)

where p is the density operator of the hybrid system and
Lna s (p) are Lindblad operators responsible for losses in
the nanoantenna and the atoms, respectively, given by
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In the above expressions I' = I', + I';,, describes radia-
tive and nonradiative losses by the nanoantenna. The
free-space spontaneous emission rate of a single two-level
system is given by Iy, whereas I'q is the rate of pure
dephasing. An example of the latter would be the in-
teractions with phonons in quantum dots that affect the
coherence but not the population distribution [28]. Typ-
ically, the radiative and nonradiative losses in the metal-
lic nanoparticle are much stronger than all losses in the
atoms.

B. Semiclassical approach

In the preceding subsection we have formally intro-
duced a fully quantum description of the atoms coupled
to a nanoantenna. Now the same physical situation will
be considered but the description of the nanoantenna will
be approximated by a classical equation of motion. The
state of the atomic system may then be described by its
density operator which we denote as p*¢. Its evolution
follows the Lindblad-Kossakowski equation

ihpsc — [HSC, psc] + iEtls (psc) , (5)

with the semiclassical Hamiltonian [17]
Niis
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For the sake of comparison to the fully quantum Hamil-
tonian H, we denote the Rabi frequency of the scattered
field by ka (t), with the classical dimensionless amplitude
a(t) e C.

The time-dependent dipole moment of each atom acts
naturally as electrodynamic source. Thus, the overall
field is a superposition of contributions from the atoms
and the nanoantenna. Usually the field generated by the
4t atom is expressed by its mean transition dipole mo-
ment, E (r,t) o (d¥)) = dg)pSC @) [15], where p3¢, ) =
pie U ) = (m|p*U)|n) is an element of the reduced den-
sity matrix of the j*" atom, and the asterisk stands for
the complex-conjugate. Similarly, dge) = (g |dW]el))
corresponds the matrix element of the j*™ atom dipole
moment operator. As derived in App. A, the evolution
equation of the field in the slowly-varying envelope ap-
proximation |¢| < |awq,| and for T' < wq, is given by

& (t) = — (T + iAwna) a (t) (7)
+i KZpSC j)

Such a description is an approximation which turns out
to be valid just for very weak excitations as we will show
in the following section.

III. COMPARISON OF SEMICLASSICAL AND
FULLY QUANTUM APPROACHES

One of the main issues addressed in this paper con-
cerns the identification of conditions where the semiclas-
sical and the fully quantum approaches yield equivalent
results. To this end, we will consider the simplest sce-
nario where a single atom is coupled to the nanoantenna



at first. We will directly compare the evolution equations
of the atomic operators in the fully quantum approach,
obtained in the Heisenberg picture, with the correspond-
ing ones of the atomic density matrix and of the field
amplitude in the semiclassical approach. A limit will
be identified where both approaches agree to a good ap-
proximation. An interpretation in terms of correlation
functions will also be provided.

As we will show, the very source of discrepancies be-
tween both approaches is the interaction term propor-
tional to x, which we will now focus on. For this reason
we consider for a while the simplified lossless case, and
also set 2 = 0, but assume that the excitation is initially
present in the coupled system. For instance, the atom is
initially excited and/or photons are present in the field
of the nanoantenna.

Directly from the Heisenberg equation A =
—i/h[A, H] + 22, which describes the evolution of any
operator A, we obtain the evolution of the field annihila-
tion operator in the rotating frame in the fully quantum
picture:

a(t) = —itAwnaa (t) +iko_ (¢), (8)
and of the atomic operators:
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o_ (t) = —1Awgo_ (t) — iko, (t)a(t). (10)
The first equation can be formally integrated to give
a(t) = a(0) e Awnat (11)
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Inserting this resut into equations (9-10) leads to the fol-
lowing evolution equations for the expectation values:
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where c.c. stands for the complex-conjugate. We consider
here the evolution of expectation values of the atomic
operators because it can be directly compared with the
evolution of the corresponding elements of the density
matrix, Le. (0 (£)) = pES () — 35 (), (- (8)) = 25 (8):
Similarly, in the semiclassical description we integrate
equation (7) with T and Q set to zero. Next, we insert it

4

into the Lindblad-Kossakowski equation (5) with Q& =0
and 'y, = I'q = 0, to arrive at:
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Now by directly comparing the equations obtained
in both descriptions we note that the semiclassical ap-
proach leads to nonlinear terms of the type pj5(t)ps;(t')
or, equivalently, (o,(t)){(cq(t')), with 4,5, k,1 = e, g and
p,q = z,+,—. On the other hand, from the analysis
of the Heisenberg equations of motion, i.e. without the
mean field approximation, we can see that terms such as
(op(t)oq(t)) appear in the equations of motion instead
[29].

Both results are only equivalent if the atomic operators
are uncorrelated, i.e. if (o, (t)oq(t')) = (op(t))(oq(t')). A
similar problem has been investigated in Ref. [30], where
the authors use a harmonic oscillator model for a two-
level system and demonstrate that the condition of un-
correlated system operators is fulfilled for a harmonic
oscillator initially it its ground state. A harmonic os-
cillator is indeed a good model of a two-level system if
its first excited state occupation probability is small, and
the doubly and higher excited states are not relevant.

Likewise, a two-level system is a good model for a
harmonic oscillator if the system is approximately in its
ground state. Then the bosonic commutation rule can
be recovered for the annihilation and creation operators
[c—,04] = —0, ~ 1 and one may apply the result of
Ref. [30] to the case of a two-level system. Moreover,
only in such case the two-level system is a source of co-
herent light, which can be accurately described by the
semiclassical approximation. Only if the condition of
uncorrelated system operators holds true, i.e. the two-
level system has to stay approximately in its ground state
throughout the entire evolution, the mean field approxi-
mation, and so the semiclassical approach, are valid [21].
It is important to note that the applicability of this re-
striction does not depend on the coupling strength. Fur-
thermore, our condition holds in general for any situation
where atomic systems interact with light rather than only
for coupling of two-level systems to nanoantennas consid-
ered here.



For simulations it is often crucial to find a strict crite-
rion for the validity of the semiclassical approximation.
Such a criterion can be found by deriving the steady-state
solution of equations (14), where the driving field or loss
rates are no longer assumed to be zero. The assumption
that must be fulfilled for the semiclassical approximation
to be valid is that the excited state occupation of either
atomic system is small, i.e. 1~ pi° > pgi. Then, we
find

2Fdec I-QQQ2
SC ~ 1
Pee Ffs D < ’
D = (T + Awp)(IT? + Awy,)
+2(CgecI” — Awkona)l€2 + K4,

(16)

where I'gec = %Ffs + I'q is the total decoherence rate of
an atom, which includes contributions from spontaneous
emission and pure dephasing processes. In the resonant
case with wq, = wna = wy, the validity criterion for the
semiclassical approximation simplifies to

sc o 2Fdec HQQQ
Pee = Ffs (Fdecr + H2)2

< 1. (17)

This condition of weak driving fields is confirmed in nu-
merical simulations using Mathematica 7 [31]. The cal-
culations were carried out by numerically solving the
Lindblad-Kossakowski equation (2) in the fully quantum
approach. For the semiclassical approach, Egs. (5) and
(7) were numerically solved, respectively.

We have performed simulations for different driving
strengths assuming wq, = wna = wo, ' = 0.5k, 'y, =
10~?k, T'q = 0. Initially, the atom is assumed to be in its
ground state and the field amplitude of the nanoantenna
vanishes: p(t = 0) = |g)(g|®]0)(0]| is the initial condition
for the fully quantum case, whereas p*°(t = 0) = |g)(¢]
and ot = 0) = 0 correspond to that of the semiclassical
one. In the fully quantum approach we perform the cal-
culations in a Hilbert space truncated at sufficiently high
number k., of excitations in the nanoantenna. Here it
suffices to set kna.x = 10. In Fig. 2, the excited state
occupation probability of the atom is compared when
calculated in the semiclassical (black solid line) and the
fully quantum approach (red dashed line), for increasing
intensities of the driving field [panels (a)-(c)]. For weak
fields, and thus small excited state occupations, the re-
sults are in perfect agreement (a). Slightly stronger fields
result in discrepancies in time evolution, but the steady
state occupation coincides in both approaches (b). This
is no longer the case for rather strong driving fields that
result in considerable excitation probabilities of the atom
(c¢). In panel (d) the steady-state relative error, defined
as err = |p85 — Pec| /Peels_y o 18 shown to grow fast with
the ratio of the Rabi frequency of the driving field 2 to
the coupling constant k.
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Fig. 2. Excited state occupation probability of the atom vs.
normalized time for different Rabi frequencies €2 of the driving
field and war = Wna = wo, I' = 0.5k, s = 107 %k, T'q = 0. The
black solid line corresponds to the semiclassical and the red
dashed line to the fully quantum results. (a) For weak driv-
ing fields a perfect agreement is obtained. (b, ¢) For stronger
driving fields both the time evolution and the steady state
results are incorrectly evaluated in the semiclassical approxi-
mation (17). (d) The relative error of the steady-state results
grows fast with increasing Q/x ratio.

On more analytical grounds, we can first examine the
simplest case where the spontaneous emission is the only
source of decoherence, i.e. I'q = 0 and I'gee = %Ffs.
Then, the prefactor in Eq. (17) is unity because of
2l gee/T'is = 1. Moreover, for small losses Eq. (17) may
be further simplified. Then we find a condition for the
validity of the semiclassical approach as 2 < k. If that
condition holds p¥¢ <« 1, i.e., the atom will approximately
remain in its ground state. If losses dominate, i.e. for
atoms weakly coupled to a nanoantenna, the semiclassi-
cal approximation can be applied as long as Q < I'T'gs/k.

If dephasing is additionally present (I'q # 0), the ex-
cited state occupation is always increased (not shown)
with respect to the case of pure spontaneous emission,
which makes condition (17) more difficult to be ful-
filled. For small driving field intensities the peak value
of the excited-state occupation probability is equal to
P max ~ /2T T and is reached for Tge = #%/T. Thus
we arrive at a strong worst-case-scenario criterion valid
for an arbitrary dephasing rate and an arbitrary coupling
strength: Q2 <« I'T.

This result may seem counterintuitive. One might have
expected that the semiclassical approximation is valid in
the limit of sufficiently strong rather than weak fields.
This result can be understood as follows. For weak driv-
ing fields, in good approximation the atoms are in their
ground states. Then, they behave as harmonic oscilla-
tors which can be accurately described by the semiclas-
sical approach which is in accordance with the results



presented in Ref. [21]. For stronger fields, the approxi-
mation of the two-level systems as harmonic oscillators
breaks down and consequently the semiclassical approach
too. However, for even stronger fields the feedback from
the atoms is only of minor relevance. Mathematically,
this interaction region can be defined by |a|? > 1 which
naturally leads to Q > T' k.

IV. DESIGN OF THE NANOANTENNA

In this section we aim at designing a nanoantenna that
allows achieving the strong coupling regime. The latter
can be defined by [32]

k>T. (18)

This condition suggests that an excitation is exchanged
between the atomic and the nanoantenna subsystems
prior to its eventual dissipation into the environment.
We assume the decay and decoherence rates in the atoms
small in comparison with the losses by the nanoparticle.
Slightly differently to Eq. (18) strong coupling might also
be defined with regard to the emergence of a dressed
state, see [33, 34].

On our path to a design that allows for the strong cou-
pling regime, we are going to investigate how coupling
constants and loss rates can be tailored by varying shape
and size of the nanoantenna. As a main result of this sec-
tion we shall find that strong coupling can be achieved if
the characteristic spatial dimensions of the nanoantenna
are small. The size of the nanoantenna should not be
larger than a few tens of nanometers and the separation
of the elements forming the nanoantenna should be of
the order of a few nanometers. Small spatial dimensions
are eventually the crucial condition since they guarantee
sufficiently small mode volumes as required to reach the
strong coupling regime. In the following we analyze the
nanoantennas in terms of two generic parameters that
determine their radiative properties and are frequently
exploited while engineering nanoantennas: the nanoan-
tenna efficiency n = I', /T and the Purcell factor F. The
efficiency is a measure for the fraction of radiative en-
ergy loss I', by the nanoantenna when compared to its
total energy loss I' = T’y + ')y, [35]. As discussed ear-
lier, the coupling to higher order modes was neglected so
far. However, not to artificially overestimate the nanoan-
tenna’s efficiency, we calculate n for a nanoantenna ex-
cited by dipoles at the positions of the atoms.

The Purcell factor is here understood as a measure for
the nanoantenna’s capability to enhance the radiation of
a dipole source [36]. It naturally depends on the position
of the source with respect to the nanoantenna. We find
the Purcell factor as the ratio of the total energy flux cal-
culated with and without nanoantenna. The latter case
corresponds to the free-space emission rate I'tys. Note
that the Purcell factor introduced here is different from

that used in the context of cavity QED, i.e. the enhance-
ment of the decay rate of an atom [17, 35]. The decay
rate of atoms interacting with a nanoantenna can be en-
hanced by radiative and/or nonradiative loss channels of
the nanoantenna. Both losses coincide only for nanoan-
tennas with the efficiency equal to 1. Our results prove
that there is a trade-off between the nanoantenna effi-
ciency (or the Purcell factor) and the coupling strength
that can be achieved with a nanoantenna.

Our electromagnetic simulations were performed with
COMSOL MULTIPHYSICS simulation platform where
the dispersive permittivity has been fully considered [37].
The methods that we use to compute the coupling con-
stants and loss rates for a specific nanoantenna are de-
scribed in detail in App. B. Here, we note that the results
were obtained using the plane-wave illumination scheme
for the nanoantenna. In such scheme almost solely the
dipolar mode is excited and dominates the single nanoan-
tenna resonance. The results might thus change in a
different, e.g. dipole, illumination scheme, where higher-
order modes may in general also contribute to the reso-
nance. However, in case of small nanoparticles, like the
ones considered in this paper, this influence can approx-
imately be neglected. Thus, we do not take these higher
order modes into account.

Two basic nanoantenna geometries which obey the
assumptions made in the introduction are considered
from now on: (1) a single or (2) three identical silver
nanospheroids with axis lengths a and b. For prolate
nanospheroids a > b holds. The three-nanospheroid ge-
ometry is shown in Fig. 3(a). The nanospheroids are
positioned at a distance ro from each other along the x
axis of the chosen coordinate system with its origin at
the center of the middle nanospheroid.

The reason to compare single- and multiple-
nanospheroid geometries is the following: sin-
gle nanospheroids are easier to fabricate, as the
experimentally-demanding narrow gap is not required,
and they might be suitable for reaching the strong
coupling, as investigated in [20, 38]. On the other
hand, multiple structures have the potential to confine
and enhance fields much stronger when compared to
isolated nanospheroids. Furthermore, as we will show
below, they are characterized with higher efficiencies
and Purcell factors, which makes them more suitable for
applications, e.g., as nonclassical light sources [39, 40].

To provide a visual impression of the spatial dis-
tribution of the enhanced field, we consider a three-
nanospheroid design with the largest /I’ ratio: a
nanoantenna made of prolate nanospheroids of ¢ = 13.3
nm, b = 8 nm, and ryp = 2 nm, subject to the driving
field of frequency wq, = 3.37 x 10'®s~1, which is the res-
onance frequency of the nanoantenna. It is worth noting
that an exact resonance with the atomic transition fre-
quency is not crucial because of the broad resonance of
the nanoantenna. The driving field propagates along the



y direction and is polarized in = direction. In Fig. 3(b)
we show the spatial distribution of the absolute value of
the xz-polarized component of the scattered field in the xy
plane, normalized to the value of the incoming field. It is
the z-component of the enhanced field which contributes
to the coupling constant k, as it is parallel to the as-
sumed direction of the transition dipole moments of the
atoms. Only the scattered, not the total (scattered +
driving) field is considered here, because the driving field
is considerably weaker and its action on the atom can be
neglected to a good approximation. This is in accordance
with the assumptions made for the Hamiltonians (1,6),
considered in Sec. II.

For obtaining results displayed in Fig. 3 we scanned
the extinction cross-section [41] of every nanoantenna,
subjected to a monochromatic driving field, in the per-
tinent frequency domain to find its resonance frequency
Wna- We assumed a lossless host medium (e = 2.2). Next
we considered a resonantly driven nanoantenna to find
both the loss rate I' and the coupling constant s at the
positions of the atoms, which is always taken as r¢/2 and
in the case of three nanospheroids it is the point equidis-
tant from two spheroids, as described in App. B. We
set the transition dipole moment of an atom to a rather
high, but realistic value of dge = 6 x 1072 Cm.

In Fig. 3(c) the /I ratio for nanoantennas of vary-
ing size (red circles) and aspect ratio (red crosses) is
shown. The essential result is that the strong coupling
regime may only be achieved for small nanoantennas (mi-
nor axis below 30 nm in case of three-, and below 20 nm
in case of single-nanospheroid designs). Less important
is the rather weak dependence on the aspect ratio a/b:
the k/T" ratio is larger for prolate objects, as they can
confine and enhance the fields stronger than oblate ones.
Still, the strong coupling can be achieved even for oblate
nanospheroids. However, greater care for the shape must
be taken if only one nanospheroid is considered. In the
same figure the dependence on the separation distance
ro between the nanospheroids is displayed (blue squares).
The distance of the atom to the nanospheroid is in each
case equal to 7¢/2, so increasing ro means also increas-
ing the distance from the atom to the nanospheroids.
This explains why the field enhancement, and conse-
quently the coupling constant x, drops with distance rq.
A strong field enhancement, and thus strong coupling, are
obtained if the individual nanospheroids are less than 4
nm apart from each other. Interestingly, slightly larger
atom-nanoantenna distances allow for strong coupling in
the single-nanospheroid case.

Next we are going to analyze the efficiencies of the
above-considered nanoantennas [see Fig. 3(d)]. Accord-
ing to our investigations, a small size, which is the key
for strong coupling, will result in a poor nanoantenna ef-
ficiency, however, always larger in the multiple-spheroid
case. For nanospheroids of the size at which the strong
coupling is reached (18 nm in the single- and 30 nm in
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Fig. 3. (a) General scheme of the nanoantenna consisting of
three identical nanospheroids of aspect ratio a/b, positioned
at distance ro from each other. (b) Distribution of the ab-
solute value of the x-polarized component of the scattered
field (normalized by the value of the incoming field) for three
identical nanospheroids with a = 13.3 nm and b = 8 nm
and separated by 7o = 2 nm. The coupling constant x is
proportional to the enhancement of the xz-polarized scattered
field component at the point where an atom is placed (blue
dots). (c) x/T ratio for dge = 6 x 1072 Cm and various ge-
ometrical parameters of the single- (left) and three-spheroid
(right) nanoantenna: dependence on size (red circles, con-
stant aspect ratio a/b = 5/3, 7o = 2 nm), on aspect ratio (red
crosses, constant ¢ = 13.3 nm, 7o = 2 nm), and on distance
ro (blue squares, ¢ = 13.3 nm and b = 8 nm). The atomic
distance from nanoantenna tip is always ro/2. (d) Nanoan-
tenna efficiency and (e) Purcell factor, values of parameters as
in (c). The proposed design of a three-spheroid nanoantenna
that corresponds the scattered field distribution of panel (b),
is described in the text and marked in (c)-(e) with the black



the multiple-nanospheroid case) the efficiency reads 24%
and 54%, respectively, and drops dramatically as the size
decreases. In Ref. [41] such scaling of the size-dependent
efficiency has been rigorously derived for spherical parti-
cles in terms of scattering and absorption cross sections.
The efficiency clearly drops for prolate nanoantennas in
the muliple-nanospheroid case. The impact of the adja-
cent dipoles and of additional nanospheroids on radia-
tive losses and absorption turns out to be marginal, so
the efficiencies of the proposed nanoantennas show little
dependence on ryg.

Relatively higher radiative losses in large nanoantennas
result in an increase of the Purcell factor [see Fig. 3(d)].
Again, it is the size that determines to a large extent the
radiative losses of the nanoparticle. The Purcell factor
is almost constant for a varying aspect ratio in the case
of multiple-spheroid nanoantennas, but it decreases fast
for oblate objects in the case of single spheroids. Nat-
urally, the Purcell factor drops as the distance between
the nanoantenna and the dipole source grows, since then
their mutual interaction decreases significantly.

We may summarize the above considerations by not-
ing that both single- and multiple-structure geometries
are suitable for strong coupling, although due to their
ability to confine and enhance fields stronger, three-
nanospheroid designs lead to the strong coupling regime
at larger nanospheroid sizes. They are also characterized
by larger efficiencies and Purcell factors. Therefore, the
optimal geometry turns out to be the one always marked
with the black cross in Fig. 3 and used for plotting the
field distribution in Fig. 3(b). For such design we obtain
[y =7.0x 10" Hz, I, = 6.0 x 102 Hz. (Once again,
we note that small nanoantennas designed for strong cou-
pling turn out to be rather poor emitters: nonradiative
losses prevail against radiative losses by more than one
order of magnitude.) The coupling constant with each
of the atoms amounts to k£ = 2.3 x 10 Hz. Its large
value is responsible for the vivid dynamics of the hybrid
system subject to the driving field, where excitations are
exchanged several times before their eventual dissipation
into the environment via the loss channels of the nanoan-
tenna.

An example of such behavior is presented in Fig. 4,
where the calculations were performed in the fully quan-
tum approach with the Hilbert space truncated at k.« =
10. The hybrid system is initially in its ground state. It
is subject to a driving field of Rabi frequency 2 = 0.5
which quickly leads to an increase of the probability of
a single photon excitation of the nanoantenna, followed
by the probability of a single symmetric excitation in the
atomic subsystem. In the figure the occupation proba-
bility of the state |S) = (|e(M)|g®)) +[gM))]e@)) /v/2 is
shown. Next also the probability of double excitations
rises. For driving field intensities as small as the one ap-
plied here, higher-order excitations are negligible in the
nanoantenna. After the excitations have flipped several

times between the atomic and nanoantenna subsystems,
the hybrid system finally relaxes to a steady state, where
an equilibrium is reached by the driving field and the
losses. Note that this result, with a significant probabil-
ity of symmetric state occupation, suggests considerable
entangling power of nanoantennas explored e.g. in Refs.
[42, 43].

The results of this section prove that while engineering
a nanoantenna one has to keep in mind the trade-off be-
tween the coupling strength, achievable with a particular
design, and the corresponding efficiency and ability of
the nanoantenna to enhance radiation of dipole emitters.
The size of the structure turns out to be the key param-
eter, which needs to be small for achieving the strong
coupling regime, where the hybrid system undergoes a
complicated dynamics.

In the following section we will analyze the spectral
properties of the investigated system. For any deviating
condition as considered further below, a suitable nanoan-
tenna that correctly reflects the situation as considered
can be identified out of the data presented in this sec-
tion. Figure 3 can serve here as guideline, from which
a possible geometry can be derived for a realization of a
given x/I rate.

Before we detail the modification of the extinction
spectra, we may comment on the actual experimental
feasibility for the suggested nanoantenna designs. The
strong coupling regime can be achieved with both single-
and multiple-nanospheroid geometries. While the latter
generally seem to be more interesting for applications
due to larger values of both efficiencies and Purcell fac-
tors, single nanospheroids may be more feasible from the
experimental point of view, as they do not require very
small nanoantenna feed gaps. In both cases, two main
requirements for an experimental realization can be de-
duced: a) a highly accurate fabrication of the nanoan-
tenna itself and b) a precise placement of the atomic
system. Fortunately, both requirements can be accom-
plished by state-of-the-art techniques, see e.g. [44-47].

V. MODIFICATION OF SPECTRA

In this section we shall study how the presence of two
atoms coupled to a nanoantenna modifies its extinction
spectrum. Such modification is profound for strong cou-
pling and in the quantum regime. In this work we may
refer to the quantum regime as a situation, where the
mean number of excitations in the system is at the single-
quantum level. We compare the results with the single
atom case to prove the sensitivity of the hybrid quantum
system to the number of atomic systems involved.

The hybrid system permits several loss channels,
namely radiative and non-radiative losses of the nanoan-
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Fig. 4. Probabilities of different atomic and nanoantenna ex-
citations vs. normalized time. Strong coupling between the
atomic systems and the nanoantenna is manifested in the dy-
namics by the mutual exchange of excitations (atomic - solid
lines, nanoantenna - dashed lines). Peaks in occupation prob-
abilities of the symmetric (blue solid line, results multiplied by
a factor of 0.5) and doubly excited (purple solid line) states,
correspond to dips in probabilities of the presence of one (blue
dashed line) and two (purple dashed line) photons in the sys-
tem. Nanoantenna and atomic parameters are described in
the text.

tenna and the spontaneous emission and dephasing in the
atomic density matrix. The total extinct (absorbed and
scattered) power is given by

Niis

P(war) = liwnaT{ata) waopfs ©) (J> 7

containing the contributions from the nanoantenna and
the atoms, respectively. This quantity is directly ac-
cessible in a potential experiment. Here, (afa) =
Tr [a'ap(t — co)] denotes the mean number of photons
in the system’s steady state p(t — oc). Similarly,
<a$)o(_J)> corresponds to the excited-state occupation
probability of the j atom.

In the present study the loss rate of the nanoantenna
is much larger than that of the bare atoms, I' > I't, see
again Sec. IV. Thus, the loss of the nanoantenna can be
used as a an extremely good approximation of the loss of
the hybrid system [48].

The spectra are calculated using a freely available
quantum optics toolbox [49]. Note that because of the
rather low efficiency of the nanoantenna, i.e. T'y, > T,
the extinction spectrum is dominated by the absorption
spectrum.

Even though the losses are almost entirely due to the
nanoantenna, the extinction spectrum may be strongly
influenced by the two atoms. In particular, this is the
case when the driving field is weak and the hybrid system
remains at the single-excitation level, i.e. in the quantum
regime. This large atomic contribution to the overall
spectrum naturally depends significantly on the coupling
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Fig. 5. Impact of atoms on the extinction spectra of the hy-
brid system for different coupling strengths s in the weak
(a) and strong coupling regime (b). The steady-state mean
number of photons is plotted vs. the driving-field normal-
ized detuning from the atomic transition frequency Awg/T.
For the sake of comparison the spectrum of the bare nanoan-
tenna (no coupling, x = 0) has been added. A Fano-like
behavior can be observed for increased but still weak cou-
pling. The results have been obtained for a weak driving field
(Rabi frequency © = 0.6I"). Furthermore, a rather small de-
tuning between nanoantenna resonance and atomic transition
frequency (wna —wo = 1.2T") has been assumed. The blue line
in panel (b) corresponds to the antenna design of Sec. IV.

as it is illustrated in Fig. 5. For weak coupling [see panel
(a)], a broad resonance of the nanoantenna dominates the
extinction spectrum and a perturbation at the transition
frequency of the atoms can be observed. For strong cou-
pling [panel (b)], the plasmonic and atomic contributions
to the spectrum can no longer be distinguished. The ex-
tinction at the atomic transition frequency gets signifi-
cantly reduced and Rabi peaks are visible at the sides.
Due to the strong coupling the spectral shift of the ex-
tinction peaks can be significantly exceed the linewidth.
Thus strong coupling evokes a large effect of the atoms
on the extinction spectrum of the nanoantenna.

Generally, the spectrum can be understood in terms of
hybridization caused by the interaction of all sub-systems
[17]. The eigenstates and eigenenergies can be derived on
the basis of the Jaynes-Cummings model which is out-
lined in App. C in detail. The eigenenergies are plotted
in Fig. 6 for the cases of a single and two atoms coupled
to the nanoantenna. In the resonant case (wp, = wp) the
splitting between the first pair of excited eigenstates is
equal to v/Nygk. This simple example proves that the
spectrum of the hybrid system, i.e. the position of the
Rabi peaks, crucially depends on the number of atoms.
Furthermore, the effective increase of the coupling con-
stant by the factor of v/ Ny may help to overcome losses
and fulfill the strong coupling condition (18).

The analysis of the diagrams in Fig. 6 suggests that,
in principle, one might expect an even stronger manifes-



tation of the number of atoms in the spectra for slightly
more intense driving fields, where highly-excited states
(n > 2) become occupied. For this purpose, however, a
coupling even stronger than that obtained with the de-
sign of Sec. IV would be preferable. Otherwise, due
to significant nanoantenna losses the required sensitivity
to trace the contribution of highly excited states to the
spectra cannot be reached.
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Fig. 6. (a) Eigenenergies of the hybrid system as function
of the detuning between nanoantenna resonance and atomic
transition frequency for the case of Nys = 1 (dashed lines) and
Nyis = 2 (solid lines). Only energies of states corresponding to
the total number of excitations n < 2 are shown. (b) Zoomed
view for n = 1. Energy splitting of the first pair of excited
states compared for the cases Nys = 1 and Nys = 2. In the
latter case it is larger by a factor of V2 for wna = wo.

The interesting question arises whether the influence
of the atoms on the extinction spectra remains so signif-
icant for stronger driving fields, i.e. beyond the quan-
tum regime. To investigate such transition we per-
formed calculations for increasing driving intensities for
the strong-coupling design proposed in Section IV. The
results are displayed in Fig. 7(a). For weak driving fields
(blue line) a splitting can be observed with Rabi peaks
at Awg = +v2k as well as an onset of transparency
at Awg = 0, as measured in cavity QED systems, see
Refs. [50, 51]. For stronger driving fields the correspond-
ing extinction peaks are shifted towards the center. Fi-
nally, in the limit of a strong driving field (2 > T'), the
contribution from the atomic system becomes negligible
and the bare nanoantenna spectrum is recovered.

To understand this behavior, we analyze the occupa-
tion probabilities of the hybrid system’s eigenstates. For
weak driving fields only the first pair of excited eigen-
states |11 +) with energies equal to hwy + hv/2k is pop-
ulated. For this case the occupation probabilities of the
states [¢1,4) and |12 ;) are plotted in Fig. 7(b). It can
be seen that for the latter state it is indeed negligible.
The occupation probabilities of states |¢1,—) and |12 )
(not shown) are peaks symmetric with respect to |11 +)
and |91 ), i.e. they are centered at w = wy + V/2k.
For an increased driving field, the probability of excit-
ing higher-energy states becomes significant [see green
lines in Fig. 7(b)]. This is the reason for the shift of
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the Rabi peaks [17] towards the center. If the driving
field rises, the energy difference between subsequent oc-
cupied eigenstates converges towards wy,, which explains
why in the strong driving field limit (Q > T') the re-
sult corresponds to the bare nanoantenna case. This re-
sult can also be derived from the steady-state solution of
the Heisenberg equations of motion where one finds that
{ata) ~ Q?/T'? > Ny, holds. This means that indeed
for stronger driving fields the classical behavior of the
nanoantenna is re-established, irrespective of the pres-
ence of the atoms.
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Fig. 7. (a) Impact of the driving field intensity on the extinc-
tion spectra, normalized by a dimensionless parameter Q2 / 2,
for the strongly coupled nanoantenna proposed in Sec. IV.
(b) Probability of occupation of the first (n = 1, solid lines)
and second (n = 2, dashed lines) pair of excited states |1)n,+)
for a driving field with Rabi frequencies Q = 0.2I" (blue lines,
results multiplied by a factor of 10) and 2 = I" (green lines).

VI. CONCLUSIONS

In this paper, we have investigated the coupling of one
and two atoms approximated by two-level systems to op-
tical nanoantennas. It was outlined that a full quantum
approach is required to understand the dynamics of the
hybrid system. Only for extremely weak driving fields a
semiclassical formulation of the nanoantenna dynamics
may be used.

At the design stage for a nanoantenna a trade-off must
be taken into account between the field enhancement by
the nanoantenna, directly responsible for the strength of
the coupling, and the nanoantenna’s efficiency. Small
size, which results in high absorption losses, is essential
for achieving the strong coupling regime. Then, the spec-
tra of the hybrid system are hugely influenced by the
presence of the atoms provided that the driving field is
considerably weak, i.e. in the quantum regime.

Furthermore we have shown that a strong coupling of
several atoms to a nanoantenna does change the spec-



trum significantly. Such features will enable experimen-
talists to identify situations of multiple coupled atoms in
the strong coupling regime.
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Appendix A: The dynamics of the classical field

In this section we will outline the semiclassical treat-
ment of the nanoantenna used in this paper. Especially,
we will derive the equations of motion for the respective
electric field in dependence on the state of the atoms.

If a plasmonic structure like the discussed nanoantenna
is much smaller than the wavelength, it can be treated as
a classical harmonic oscillator as well-known in the meta-
materials community, see e.g. Ref. [52]. The scattered
field Eeyc (r, ) of such an oscillator may be separated into
temporally and spatially varying contributions:

Eexe (r,1) = @ (1) Beye (r) + c.c. | (A1)

where the subscript ’exc’ is used to label the excited field
of the nanoantenna. This notation renders it unnecessary
to distinguish between the scattered field of the nanoan-
tenna and the field inside its metallic body. The spatial
part Eqy. (r) can be found by computer simulations or an-
alytical considerations. By definition we assume that this
spatial contribution, which may also be denoted as mode
profile, does not change with time for the excitations we
discuss in the following. Then, the whole nanoantenna
dynamics is exclusively described by the evolution of the
temporal part & (¢) for which the equations of motion will
be derived and solved in the following.

Under the assumption of an oscillator-like evolution,
the positive frequency part & (t) evolves according to the
equation

a(t) +Ta(t) +w?a(t)=F(t)e @t (A2)

where F (t)e~™at is the driving field at the nanoan-
tenna’s site. In our case it is proportional to the driv-
ing laser field and the assumed dipolar fields of the two
atoms.

We assume the driving term to oscillate at the mean
frequency wgy. Then, its envelope F (¢) varies much
slower. Consequentially, we can also calculate the so-
lutions to the equations of motion for the slowly-varying
part of the nanoantennas oscillation defined via & (t) =
a (t) e~@art Then using the standard slowly-varying en-
velope approximation ( |&| < |awq,|) and accounting for
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I' < wq, one arrives at the equations of motion for the
electric field of the nanoantenna as

a(t)=-Ta(t)+ [(wir - wia) alt)+ F (t)} . (A3)

2wdr
For near-resonance driving fields (w2, —w3, & 2w, Awna),
the above equation further reduces to:

a(t) = — (T4 iAwna) a(t) +iF (t) [2war (A4)
We now compare equation (A4) with the Heisen-
berg operator equation in the fully quantum approach,
i (t) = — (T + idwna)a () +i [k, 09 (1) + Q} +f),
where f(t) stands for the Langevin noise operator such
that (f(t)) = 0 [17], which origins from coupling of
the field of the nanoantenna with its electromagnetic
environment and with phonons. With such a direct
comparison, we can identify the driving term

F(t)=2wa [£Y_psP )+ Q| ,s0  (A5)
J

and get eventually

() =—(T+idwna)a(t)+i kY pY () +Q

(A6)
as the evolution equation for the electric field of the
nanoantenna in the semiclassical approximation. Our re-
sult corresponds to the equation of motion of the expec-
tation value of quantum operators if the nanoantenna’s
field is approximated by a coherent state |a (t)).

Appendix B: Calculation of parameters

In Appendix A we have derived the equations of mo-
tion for the electric field of a nanoantenna coupled to
an unspecified number of noninteracting atoms. Now we
will specify how to obtain the relevant system parameters
from electromagnetic simulations. The key for determin-
ing the coupling constants and loss rates lies in the deter-
mination of the nanoantenna field for a single excitation
as we will see shortly.

Coupling constant between
nanoantenna and atoms: k

In electric dipole approximation the parameter s de-
scribing the coupling strength between the j* atom and
the nanoantenna is given by

k= B (1) - dg) /1, (B1)

exc



where d(gje) stands for the transition dipole moment in
the j*® atom positioned at r;. In the considered case the
atoms are assumed to be identical, so the index j can
be dropped. Naturally, here the field ES, corresponds
to a single excitation of the nanoantenna subject to a
plane-wave excitation. Because of the atomic system’s
symmetric positioning and the mirror-symmetry of the
nanoantenna, EX¢ (r;) = E&S_ (r2) the excitation of the
antisymmetric state of the atomic system for the lossless
case is prohibited, see App. C. It is evident that x de-
pends on the dipole moment of both atoms, the electric
field of the nanoantenna’s mode and the very location
of the atoms. Obviously, this scheme of calculating the
field of the nanoantenna corresponds to a dipolar mode
approximation since the plane wave mainly couples to
the dipolar mode of the nanoantenna. Higher order con-
tributions are neglected[15], which has two consequences:
the coupling strengths x; as well as the nonradiative loss
rate of the nanoantenna, I'y;, are underestimated. We
have chosen to restrict our investigations to this simpli-
fied scheme as the inclusion of higher order nanoantenna
modes significantly complicates the analysis of the sys-
tem dynamics and also prevents us from finding accessi-
ble analytical results.

To find the correct scaling for k, the electric field has
to be calculated at the positions of the atoms for an exci-
tation of the nanoantenna by a single photon with energy
hwna. Thus, for the computation at the nanoantenna’s
resonance, first the field energy for the corresponding ex-
cited electromagnetic mode Eqy. (r) has to be determined
using the well-known energy-density integration for dis-
persive media [53]

L[ o
W= / 3 foRe ()] |Buee (1)[2dV (B2)

W=Wna

1
+§/MO\HQXC (r)]*dv .
Then, the electric field of a single-photon excitation is
given by

EZ. (r) = Ve /W Bexe (r) (B3)

since the energy of the nanoantenna’s mode corresponds
to N = W/hwy,, photons.

Coupling constant between nanoantenna
and driving field: Rabi frequency 2

The Rabi frequency 2 describes the coupling of the
nanoantenna and the driving field. It can be evaluated
in the dipole approximation as 2 = d5¢ -Eq, /fi, where d5¢,
is the dipole moment of the nanoantenna corresponding
to a single excitation for which the electric field is known
from the previous subsection. The dipole moment d;3

can then just be calculated from a multipole expansion
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of E5¢_(r). For our calculations, the main contribution
to the far-field of the nanoantenna was indeed that from
the dipole moment which justifies the calculation of €2 in
the dipole approximation.

Radiative and nonraditive losses
of the nanoantenna: I"

The losses of the nanoantenna can be divided into ra-
diative and non-radiative losses, I' = I', 4+ I'y;. Both
quantities are related to integrations of the nanoantenna
mode for a single excitation E£¢_ (r): The radiative loss
T', can be determined by integrating the time-averaged
Poynting vector over a closed surface embedding the
nanoantenna, I'y = [ (S5¢_ (r,t¢)) dA. The non-radiative
part is given by a volume integral over the nanoantenna
using Ohm’s law, Ty, = [0 (B (r,))? dV, where o is
the electric conductivity of the metal.

Appendix C: Eigenstates of the free Hamiltonian

Now we are going to analyze the Hamiltonian of the
nanoantenna coupled to two two-level systems in the fully
quantum case. As one might expect, we will arrive at a
simple generalization of the Jaynes-Cummings model and
give the energy spectrum of the hybrid system’s eigen-
states.

It is often advantageous to analyze problems of
coupled two-level systems in the so-called Dicke ba-
sis that relates ground and excited states, |g) and
le), of each two-level system to a combined eigenbasis
[54): {ID)=le)@le), |S) = 5 (le) @1g) +1g) ®e)),
14) = S (=le)®lg) +19) @ le)), |G) =1g) ®1g)}, with
the doubly excited state |D), the symmetric and anti-
symmetric states |S) and |A) with a single excitation,
and the ground state |G). In the Dicke basis, the Hamil-
tonian reads as

H = Shay (2ID)(D] +18)(S] + | A)(A]) + hunata
—hV2k (E+a+aTZ_) , (C1)

where

1
%= 5 (o8 + o) = ID)(S] +18)(G] and

»_o=xt,

are the creation and annihilation operators of an excita-
tion in the atomic subsystem. Note that the antisym-
metric state is decoupled in the isolated system and can
be populated only by decay mechanisms or by an asym-
metric drive. From now on it suffices to consider only
the effective three-level system, whose state belongs to
the Hilbert space spanned by {|G),|S), |D)}.



We will give the explicit form of the eigenstates of the
Hamiltonian and the corresponding eigenenergies in the
case of resonance between the atomic and plasmonic sys-
tems, i.e. when wy, = wg. The states of the hybrid sys-
tem can be expressed in the Dicke basis for the atomic
subsystem, and in the Fock basis {|k) }72, for the nanoan-
tenna, with k& denoting the number of photons in the sys-
tem.

Each state can be characterized by the total number
of excitations n it corresponds to. For instance, n = 0
stands for the total ground state of the system [¢g) =
|G,0) of energy Ey = 0. For a single excitation n = 1 we
have two eigenstates and eigenvalues:

W1¢> = i|S7 O> + |Ga 1>> (02)
By 1 = hwo F V2hk. (C3)

For the numbers of excitations n > 2 there are three
eigenstates for a given n:

[¢pn+) = Vn—1|D,n —2) (C4)
+v2n — 1|S,n — 1) + v/n|G, n),

E,+ =nhwo F /2 (2n — 1)hk, (C5)

[¥n,0) = Vn|D,n —2) = Vn —1|G,n), (C6)

E, o = nhwy. (C7)

For visibility, the states are not normalized. Note that
the eigenstates of the total system cannot be written as a
product of states of atomic and nanoantenna subsystems.
This is a clear sign of strong interaction of the subsystems
that leads to their entanglement. The latter is a sole
quantum feature which cannot be accounted for with the
semiclassical formalism. Our condition for the validity
of the semiclassical approach can now be seen from a
different perspective: the semiclassical description can
be applied only if entanglement is present in the system
with negligible probability.

The eigenstates attain a more complicated form, if the
two-level systems are not in resonance with the nanoan-
tenna (wp, # wp). Then, the energy diagram depends
strongly on the detuning, see again Fig. 6. In the strongly
off-resonant limit, the interaction becomes negligible and
the atomic and the nanoantenna subsystems behave in-
dependently. Consequentially, the eigenenergies converge
towards the unperturbed values.

For large numbers of excitations, the eigenstates be-
come approximately separable:

ns) = (ID) £ V2IS) +1G)) @ In),  (C8)
[n0) & (1D} = 1G)) @ |n), (C9)

with the interaction energies: AE, + = F2hk/n,
AFE, o =0. This means, that in the limit of large field
intensities, even though the field has strong influence on
the atoms, the atoms approximately do not affect the
field and the semiclassical approach can be applied again.
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